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ABSTRACT

This paper defines path integrals in phase space without using a

time—division approach followed by a limiting process, thereby generalizing

a similar pro.cedure used in configuration space. This is useful since the path

integral approach cannot always be formulated in configuration space (e.g.,

when the Hamiltonian is arbitrary) but can always be formulated in phase

space. The most general Gaussian measure, absorbing the quadratic portion of

the functional to be integrated, is constructed, and large classes of path

integrals are evaluated with respect to it. Applications are given to the

perturbation expansion and the semiclassical (WKB) expansion for arbitrary

Hamiltonians.
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I. INTRODUCTION

The quantum—mechanical propagator <~~~~S ~ ~ ,t~) or probability

amplitude that a particle at position t~ at time t~ will be at position

at time tb , can be written as a phase space path integral:

• . <~ b ~~I ~ k’ 
J{~~

.
~1~.]e

x
~r f

t~{ (t:~

1’ 
. . 

( I )

where H is the classical Hamiltonian of the system, or a quantity suitably

related to itt, and is the space of phase space paths (c~ 1t) satisfying

~ 
C and ‘1 (4) = , with unrestricted , The in tegral is

usually defined by the time division procedure
2
, i,e~

K ~ r ~~~~~~~~~~ .

j  
‘2 ~~ (2)

~~~~~~~~~~~~~~~ iR~~~
’ ~ 1r ~j

a

~ ~*{~ r~•C’~’~
1)
~ 

~~
(
~~~~~~tI 4i; 

~~~~~~

with. E ~ t~ £ and S ~ . We work in

one dimension to simplify the discussion . The results can be easily generalized .

The Einstein summation convention over repeated indices is used throughout .

The limiting process makes the scheme difficult to use for computational

purposes, not to mention questions of mathematical legality. It has been done

away with in the case of the Wiener functional integral 3, and the method was

later extended to Feynman path Integrals in the configuration space of quantum

mechanl cs49 . The new formalism rests on defining whe t plays the role of a

measure in path space by its Fourier transform , which is a simple closed—form
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expression. This is all that is needed to completely define the object and

reduce many path integrals to ordinary definite integrals
10
. We do not treat

the mathematical problems here, as we are mainly concerned with developing

computational techniques.

The purpose of this paper is to extend this limiting—procedure—free

formalism to phase space. This is necessary not only from the point of view

of completeness, but also because phase space path integrals are more basic

than configuration space path integrals. Indeed , the latter provide a solution

to the Schr~d.inger equation only for Hamiltonian operators quadratic in the
momenta, whereas the former apply to arbitrary Hamiltonian operators

6’11, a
useful generalization.

After constructing the most general Gaussian measure in phase space,

we evaluate large classes of path integrals with respect to it, and present

applications to the perturbation expansion and the semiclassical expansion Jor

arbitrary Hamiltonians.

II. CONSTRUCTION OF THE PHASE SPACE MEASURE

We wish to construct the most general Gaussian measure in phase

space , the one which will absorb the entire quadratic term in the functional to
be integrated . To be more specific, this measure will be equivalent to:

tb

~! { ‘ir ”~J€~
, 
ti {~~t)4(~) - (3)

where

‘~~ (1’~L~
) = 

~~~~~~~~~~~~~~~~ ÷~ c
~~t~ 

( If.)
zw~

and is the normalization factor, ensuring that:

fckw’ (.~
,,c1) = I (s) 

~- — ~~~~~~~~
- . - .- ~~~~~~~~~~~~~~~ ~~~“- _ _

_ _ _ _ _
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It is readily observed that Kb must be the propagator associated with the

Hamiltonian I4~ . The functions ~ (kj, 4~
(
~ , and ~~(~~ depend on the problem

investigated. If one wishes to write a path integral for a Hamiltonian of the

form J-f~ f.~ ~~ , where I-f1 contains the terms beyond quadratic , then the

measure W enables one to obtain the propagator as a perturbation expansion

in powers of O( . If, in a more useful application, one first expands the

action f~inctlonal about the classical position and classical momentum, cL(t)
and j~ 

(4~) , then the ~neasure W yields the terms of a semiclassical (WKB)

expansion of the propagator . The functions , , and then contain

and j ct) . All this will be further examined below.
A proper way -to define (arid use) - ~41 without the time—slicing procedure

that (3) entails is to build its Fourier transform. The Fourier transform of W

- 
-, can be written as:

r -~< < ‘ ~i~~t~kr (JA,v) =.J e~ 
1

where and V are elements of , the space of bounded measures on

the time Interval 1’ ‘
~~. Et~,tb’]. For example, if ~.t is induced by a function,

i.e. cty~ (4~) ~e(~)~U then

~ f t)c~~~~) ; (‘7)
1.

if is , the delta function at .5 , then

~~~~~~~~~~ ~~~
The fundamental observation is that If we put d.)* (4~ B(k~/~ and

a~(~):A(t)/~ , then the Fourier transform (6) is nothing other than

1</K, , where 1< is the propagator corresponding to the auxiliary —
Hamiltonian

H ( ~p, ’i,~) ~~~~~~~~~ ÷ )~
t ÷ RU~11 ÷A (4~).’p t- . (ci )
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Both ~
( and K0 can be calculated exactly given the associated classical pa ths.

Indeed , since both correspond to quadratic Hamiltoniana, their ~..iclassica1
(WKB) approximations are exact. The latter are given by:

= (~j~ ~)
‘
~~r (~~~L 

(io) 
I

where is the action functional evaluated at the classical ~,osition and

momentum and ~ and N is the Van Vleck - Morette function 
~~~~~~ /~~j~C.

Thus, the prqblem of determining the phase space measure W reduces to solvj n ~
the classical problem for H and H, . Note that the quantum operators corres—

pondiug to the Ii terms in H and I4~ are the sym!netrjzed 12 .L(PQ 4QP)i .
We fi rst state the main theorem , then we prove it.

THEOREM 1. The normalized Gaussian measure W (ji~,ff) in phase space corres-
ponding to

I 
[
~
t4:] 

~~~~
{

~4 j
q b [ ) a 1~ -

has the following Fourier transform

~~
d— ’ ~~~~~~ ~~~~~~~~ ~~~ ~~~~ ~~~~

— 

~ 
( ‘)iiy (t~€k~1~ (b’) — L~f5G (a’) J~ (1)bi(t’)}

T T. 
(ii)

(i3)

where

(1) 

~~~ 
{ [‘p(~i,~ti~)] aCr~ [,~,t,] 

~ 
(“~)

__ _ _
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(2) the normalization factor K0 is the propagator corresponding to the Hamiltonlan :

~ 1L~
) p

~ + ~i ~ ~~~ (P~ ~ 
(i rJ

2 ,,~ ~~
- - —

for which the WKB approximation is exact.

(e4&tt~ ~t-~t~~
) ; E (~‘:~

) (t’)

(4) ~‘(I ) ~~~ ( -~t ,~ (k) ) , the average path in ’~ with respect to the
measure ui

where and are the classical position and momentum corresponding

to I4..~ . They are related by:

/ ~~ (k-,4 ’) ~ .(~~t’) \( (‘i’)
J t ) t ) 

~
is a Green function of the small disturbance operator in phase space corres-

ponding to H0 :

_ 
(

..4b(t~) &~
-.
~~~ \ (ZD)

- t~
_ 4)+ .~.. -~1t~ ) )

at.

I. e. 
= 

~
c
~~

’
~(: ~

) •
J2j  (~~,t~)is independent of and ¶ 

-~~~~~~.. --
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(6) ~~~1~~~
,t’)is the (symmetric) Green function of the small 

disturbance

operator in configuration spaca which vanishes at both endpoints:

~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~tt) ~~~
i.e. ~zz)

£ ~~~(~,t’) 3(~4’); GAb &~,t’)~ ~~ (.4r’,I); ~~~~~~ ~ ~~ttj,fr)
(7) ~~O. (2.?,)

~~(t1t~)~ ~~~ (~,e’) (24)

(8) 

~~~~ 
~~~~~~~~ 4

(zc)
~~~~~~~~~

The function term in (25) is always cancelled by a similar term . ~Thcn

and are continuous, but Cr has a jump of magnitude 1:

(-&~ - -~~‘\ ~
(
~~) ~ i .  (z~)

Note that the measure does not split the pa th in tegral into an

integral over momentum space followed by an integral over configuration space.

each with its own measure. Thus one truly has a “phase space” path Integral. •

However, the measure ui induces in a natural manner measures W and vJ on

configuration space alone and momentum space alone by

(P) 
~ ~~ 

( ~, o) - and 
~
Fvrr 

(
~) 9J (~, 

V~~. (27)

The measure In the configuration

space of paths such that and is studied in Ref . 7.

~‘roof of Theorem I

The Lagrangian L6 corresponding to H0 in (4) and the Lagrangian L
corresponding to the auxiliary Ft in (9) are:
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L (9A ,~
) - - ~~~~~~~ 

(z~)

L0 (ri~~~ ) ~~ - (
~~~~. (z 9)

23 k)
The classical paths and satisfy the Euler—Lagrange equations:

Q~ 
C~~~ft) (~ c~)

0 , (
~ c~

where is a second—order linear differential operator:

~~~ - ) r
~~~~

)-
~~~~

) ÷ (
~
) (32)

and ~Af t )  depends on A (1~
) and :

~~~~~ A • ~ 
- ! 4 t  -

~Aft~

Both classical paths go through at and at . The substitutions
C’ I,

~~~ 

~~ ~~ 1( ~ 
)
~[ 

~~ 
(3~) I

eliminate the term in (~L , and replace (30) ~nd (31) by

~~ D~ (
~~ ~~~~~~~~~~~~~~ 

(~ r)
Vt ’)

~~ ~~)~~~
D (

~~
)

where
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~~ ~~L ~~~~~~ . 
( 37)

with 

- ! ~~
) - _ _  + ~~~~~ -t’ (f)

~~~~
(
~~~ ) -~~ft)

~ 
4.. 

~~
-)

Note tha t

9 1I ’1~7~T I ~~] = —~~~~-)~~~~~~ ) .  (~39)

Let and P2~(t~) be two solutions of (36), subject to the boundary

conditions:

b, (~ ,)~~t (
~
,)

k~ 
(
~~~~~° ~~~~~ 

— I

The Wronskian W 1~ t~ D( b.. is constant for equations of the form

~® t~ k)~ .O  . In this case the boundary conditions indicate that ~i.J is equal

to 1. Since is different  from 0 , ~~ and D~ are linearly independent , t
and the general solution of (36) is a linear combination of and . If

we define the antisymmetric kernel .3 (4~, ~
‘) by:

~ftX) £ b, (•
~

‘
~~~~ 

(
~~ - ~~~~ 

(
~ ) (

~~)
then the classical path can be written as

9 (
~)=~ ii~.L [

~ ~~~~~ + 
~ 

~~~~~~~~ 
(1i2)

C 0 

~~~ ,t~,) ~ ~

‘

The classical path can be easily shown to be -
C. 

.

IC ~
) 

‘~~~f  U~~S) 
~~(s~~)~~ 

(
~~

)
r

where 6 is the (symmetric) Green function of which vanishes at both

endpoints:

_ _ _ _ _ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~ - ~~~- --
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~~~ 

~ 
(
~ -i:

’) ; & ~~~ ‘) G (~~
‘,+) (c4~)

~~ &(~~~~~~~= G b,~~)~~~° 
(
~~)

This Green function can be built from the solutions and of 0 .

6 ° ~~ 
I

It is ‘

& (~~~~~ f) A ,~)J(+ ’,E~~~
(
~~- ~

) ~ ~Ua ,V) ,~
) ~ f t i’) (

~ )
~~~~~~~~~

S

)
/
( 

~ 
being the Heaviside step function, equal to 1 for j- 7 ~ and 0 otherwise.

This can be verified by direct substitution. 1f U ($)is replaced by Its

expression (33) in terms of A and 8 , and the A term is integrated by

parts (the integrated term vanishes), then the difference of the

classical paths depends linearly on A and P as follows:

~ ~~
(
~) - S R ) ~~fA (s~ 

w (c ,F)~~ ±f ~~) ~~~~~~~ 
(47)

• where

- ~~ {!  
~~ 

~~~~ ~~
(
~~) (

~~
)

~~ ~~~~~ 
(
~ )

As we established earlier , the Fourier transform of the measure LAY is the

ratio of the propagators corresponding to t4 and ~4,, , which In turn

happened to be exactly equal to their WKB approximants. If

and t~k) (~ A(~)/~ 
, then

~~~~~~~~~ ~~~e~x~~~fL(j ~ -- 
~<o 

I -
~~~ ~ r c~ ( I~~))

.. L~iiii
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The Van Vieck — Morette functions M and MD are equal since H and differ

only by terms linear in and - We give their value for completeness. It is:

M _ _ _ _ _ _ _  

( ri )

This can be easily proved . Indeed,

- _____ _ _ _ _ _  

(ii)
-

since ‘~~4~’). _ ‘?~S~ / 2~9 . The momentum corresponding to the Lagrangian L-.

in (28) is

t = ~~
-
~ j ) L i A R~~~~~~ ]~ 

(cs)

and hence i~i O~&~ cL 
~~~~~~ 

. The result can then

be easily establised by using (42), (41), and (40) , along with the fact that
the Wronskian of and is 1.

Substituting (28) and (29) in (50) yields:

~~~~~ (~~ I~~~~ ~~~~~ k ~ I ~ 
(i-) - ~~f t )~~~) ~~~ )J.

-I-

-JBft 
~~~~~ 

-

~~~~~~ J~f~-) )E~ ft)+2?~~ )]}
( ç t 1~

Now subst i tut ing for 2j,ft) its expression in (47) yields the full ex~ 1icit

dependence of ~~ (~3(P~) on A and B , which is of the form:



—_—- .- --—_ _ _ _ _ _ _ _ _ _ _ _ _

r

11

9~ (~~4~~ ~~~~— J ~j ( k ) -~
( .
~,r —j~~(€)A(k~cU~

— 
~ 

— 

~ 
(
~~ 

A~~Au’)0u-M’

- 
(cc )

The various functions entering this expression are calculated below one by one

and found to be as given in the statement of the theorem. Since they will involve

small disturbance equations , we think it useful to first exhibit these equations.

Equations of small disturbance!.

The small disturbance equation (or Jacobi equation, or equation of geodesic

deviation in the language of curved spaces) is that satisfied by a small deviation

from the classical path. Thus, since the Euler—Lagrange (or Hamilton) equations

yielding the classical path are obtained by setting the first ‘,ariation of the

action functional equal to zero, the small disturbance equation is obtained by

setting the second variation of the action equal to zero. For Lagrangian actions,

it is

(cs)
I

where is the small disturbance operator in configuration space:

~~~~~~~~~~~~~~~ - 1L(~~~ L ~~~L ( ~~L\~~ k7)
,t’~ I ~ ~ L ~~ ~ ~~~~

- )J ~~ ~ 
L L ~~ ~ ~ “-~ J

For Hamiltonian actions, it is

C’ (;~
) (°) (ci)

where is the small disturbance operator In phase space: 

~
_
~1_.~

_
_ 

_
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/ ~~~~~
A’ I ~ 

(ci)

~ 
‘
~-~~ 4-! -�~-c I ‘

‘

i~ h
In the case of H0 , 

and O’ are given by (22) and (20) . An interesting

observation: the elements of can be used to form A as follows :

((jo) U

Note also that and Q are related by

= —
~— Q

Calculation of the elements of the measure

All the calculations below involve integrations by parts where the

integrated term vanishes due to (45) . The comma denotes differentiation with

respect to the variable indicated . Thus with reference to (55), we have:

The BB term

G R1 k’) 2~~ (~~~ ’) 
~f  ~~~~ ~~Ls)] ,~

) ~ ( ~‘, c) t~ ~
1.

~~~ o~ (~~,c) +~f ~~~(s) 
~~~~~~~~~ ~ . j

~~ ~~
(
~~

) 
~~~f 

,s ) f F R ) t~ ~~~~~~

-~~~~ ~ 
- 

~~&~~
) 

~~~(&~~)
Là!, a’~

The operator between curly brackets can be easily shown to be w~j(( ) Q.
I.e. . From (39), (45), and (49) we can establish the relation:

—--

~

-- ----

~ 

- - - -~~~~ - .~~~~~~~—
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~~~~ ~~~~~~~ 
S(~~-~). (~~3~

Substituting in (62) ,  we have

~~~~~~~~~~~cr (k ~,,k ’) ;  v~ ~)~1
t’) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(C4)

Therefore, G~~~~, 
(~~t ’) is indeed a Green function of which vanishes at

and . Since it is symmetric , it is continuous along the diagonal .Q.E.D.

The -AB term -

~
(
~

‘ L~ 
~~~~~~~~~~~~ 

]c3-(~
-
~:’)

~~~~~~~~~~~~~~~~ ~~~f~~
s ) .

r~~

~~~ 

- ‘~~ 
(~s)~ 

(
~~) (ac)

II ~~ 
_ & (

~) Il G (
~,~’) ~f~4~t~ ) 

~~ ~
rc’€ ,~)I u;~)

~~ ~~~~ ~~ 2] ~~ (ci)

in view of (64) and (23).  ~~~~
Using the specific expression 1.(64) with (46)J of ~~~~ , we have:

~~~ 
_ I i  

~~~
+ ~ 

(
~ -~)] ~~~~~~ ~~~~~~~~~~~~ ~~~~~~- - t ~~

~ ~~~ , 
(~~)

It is readily verified that  G has a discontinuity of magnitude I along the

diagonal t ~~~~~~ :(..~Vw~ _ J~~ .v~ “ ~ 
(
~~‘) J For this , one only

lit. 
~~~~ L’—,L )
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needs (41) and the fact  that- the Wronskian of and is 1. Q.E .D.

The AA term

G
r 

(
~
;-,k~ .~ w (k,i~) ct) (-t~~4J) ~~~~ ~ 

_ _ _

_ W f
)

W,~r (
~~/ ) / r (1C ( LY) ~~~~~~~~~~

‘)

-t- ~i f ~~
) [

~ 
(r )~~(t ,v)] ÷ ) [~~f 4~t~~~~~~,f )

-~

fr) ~~~~~~~~~~~~~~~~~~~~~~~

(“0

Using (63) and (64) , we have:

~ ~~ [4~
k ()  - - 

~~~]  
(7-a)

(ks) .

which gives

[
~~~ ~~~~~~~~~~ )

~~ -,~
z ( O+ ~~~~~~~~~ ___ -

~~T~) 1
~~
t 

~~
+)

- ~ ft)1 ~~ 
(
~ ~ 

f)  - (7 ~
)

~ ft) L~Ô~ 
/

• 
~ ~~~~~~~ ~ - ~R~)1~ .- ____

J L.. oV j  Cl,

Us±ng the specific e%pression [(64) wI t h  (46)] of , we f i nd  t h a t

—

~

---

-~
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the function term cancels another similar term (due to the fact  tha t the

Wronskian of t~ and is 1) and we are lef t  with the following expression

for , symmetric and continuous along the diagonal

G (k ,~~)~~ ~Y(~~) J ’(~ 1:~) [T(~ ~ )

+ ~~~~~ 
,(~ ,1~)Yft) ~~~ (~4,~) ’,~~)Y(4 ’)

+

1~ )

where ÷ ~ R) / ~ ~ ft) an~ F( ~, ~
) ~ t ~ R ~,t () ~

The B term

~ ~
-; -#~_[s~t ’ ‘~ (t- ’)~r(F1~’) [ c (~

) — 
_____

•1~ 3 1

~ 
f ~-j ~1) [~~

‘)9
~ 

~~~~~ (
~~~

() 
~ 4~(t ’) ~~ (F ’) ~~

( 
~

~~~~~~~~~~~ 
( &~~)]

~~ 

~~~~~~~~~~~ l) 

~~~~~ ~
by virtue of (31). Q.E.D.

- -I 

,-~~ -_, ~~—-~~ -~—-~~~~~~~~-~~-- -~~~~~~~~~ -— _ _~~~-~~~- - _ --~~~~~~~~~~ - - - —  - _ _ - _
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The A term

~~(F) 
~~ 

{ 
~ 

-
~ fflu1~0

(
~ ~~~~~~~~~~~~~~~

~~~~~~ ~~~~~~~~ ~
~~Co 

‘)o~~ 
(
~-x) ]

~ ~~~~~~~~~~~~~ ~~~~ ~~(f 1~~) 
~~~ 

Le ’)

~ .~~ ~L_ d~~J 9 (t)

~ (F) (
~~)J~ 

Co

(r7 ç)

by virtue of (31) and the fact  that (~~L0/ ~~~) . Q.E.D.

The relations we have derived so far  make it simp le to verif y that ~ 
)

in (19) Is indeed a Green func t ion  of the small disturbance operator (20) in

phase space. The “11” term of the resulting metrix is S ( k  
— 1’)because of (67)

and (60). The “12” term is 0 because of (25), (60), and the fact that

~
. ~

y
~~~~~t )  ~( t - V )  0 . The “21” term is (rbecause of (67).

Finally, the “22” term is ~~I ‘) because of (71). The fact that (i t) ~~~

the average path will be proved later in the paper.

Example 1: The Free Particle

For a free particle , 0 , ~j~{) I , (
~I~ -f ’/ v~ ,

1~~(t)~~1 , ~~~~~~~ ~~~~ ‘ k ,~’)~~kL.~- ,

and ~~ . The covariance of the corresponding measure In phase

space is (19), where: 

-~~~------- -
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( )

~~

~ t’ ~~~~~~ ~ 
(i —

We have ,R 6~~~, 
( 1 ,{~) ~. ~~~ ft - - The average position and momentum are

the classical ones:

~
!CO 

~~~~~~ ~ (
~~-~~c~) + C $ c~ (&~, -t- ) (e7 c~)

•
~‘ 

(k) w~(q~, .-9~~)
Ca 

~1

The Wiener measure for a free particle in Brownian motion , defined on the

configuration space of paths ~ 
(
~ exT {f~,

(1} 0 e1 ( I - i.,) ~~yu~~~~~t~ t)
con be readily extended to the phase space defined by

~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

by letting —
~~~~ cO . The covariance ~~ J (~~, k~)  Is then

~~~~~~~~~~~~~~~~~~~~~~~~~~~

-~
( (f -~~\ (

/ /
~~~ 

o
( % •

~)

The “11” term is a (symmetric) Green function of the small disturbance operator 

~~---~~~— --—-- —~~~~- - -~~~~--- -
~~~~~~~--  ~~

- - _ - -__
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— J 1fdk~ such that . It is discussed in Refs .  4— 6.

Example 2: The Harmonic Oscillator

For a harmonic oscillator, •1
~ (t-j 0 , ~ U-) ) .~(t )  

~~~
. ,

- . I.(0 .t
1/2

~ 
4 , ~2 

~~~~~~~~~~~~~~~~ +~~A)-) ~~~~~~

w ~— F) , 3f t,E)  L4) -’,4;--~ ‘.~
J C t; ‘.- I- ~

and ~ . The covariance of the corresponding measure in

phase space is (19), with:

6- ~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-‘v)
- 

~~c~~~ -~~T ()3

~~ 
(
~~l~~

,) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘i(~-~ )- ~~~~ ~~~~~~~~~~ 

t)

(2 - )

6 (~~~~ f) ~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

‘
~~~~~~~

(
~~

.

We have ~~ (~ ,k~) 
~
. Ô ( k  ~¼ ”~ . The average position and momentum are

the classical ones: -

to ~~~~ ~ ~~~~~~~~~~~~~~ 
c~~

(
~ -f)J (fl)

4

-L 

~~~~~~-- - - ---- -- ---- - -~~~~~~-- - -- - -- - - - ---- --~~~~~ - - - -~~~~~~~~ -
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UI. PATH INTEGRATION IN PHASE SPACE

We now show how to carry out the path integral of a cylindrical functional

with -respect to an arbitrary measure in phase space given by Its Fourier trans-

form. A cylindrical functional is one which depends on only a f inite number of

terms of the form or ~ i.e.

or -

THEOREM 2. Let W be a measure in phase space defined by its Fourier

transf orm ~3~T ~~~~~ . A cylindrical functional F on can be inte—

grated over with respect to the measure W. by reducing it to an or-

dinary integral as follows:

I 
f 

F ~~~~~ ~~~~ ~~~~~~~~ <vs)~~~ , “-  ~~~~~

P
J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1R ~~~

x f Tw (S ’ ~ 
+ - - * - - .  

~
) 

~

x ~~ A (c~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(
~~

Proof - 

-

This proof is similar to the ones used for similar formulas in configu—

ration space path integrals without limiting procedure
5’7. Consider the linear

continuous mapp ing 

-~ -- -~~~~~ -—-—~~~~~ - - - ~~~~~~~~---~~~~~~~~~--—- - -- - -_- -~~~~-- -~~~~~- - -- - —-
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- 
t44- z  <,~. eç7 f~~~~~i~s-~

P ~~~~~~~~~~~~~ (q~~~~~(~~ )~~~~~ .
1~iJ~ <~~1~7fr ~ ~~~ ‘~~~~

‘

Under this mapping , we have

I f  ~~~~~~~~~~~~~~~~~~ ä~~ (
~~~~~~) 

(9~)

where Is the Image of Vt under - This image is a measure In

~~~~~~~~~~ .‘ By theorein~ , ~~~ (
~~,1) ~~~~ R, ~~~~ 

where ~ iIr

I ~ , and i~~the transpose mapping from to , the

space of bounded measures on the time interval T ~ f a f h]  . We have :

<~ 
(S,i~ ; (i,~~) <(~~

,1)) ~~~~~ <(~ ,1~~; 
(
•
~,v)~

= ~~~~~~~ 
÷ 1.~ 

= c
t
<~~,i) ~~~~~~~~

~ <(~fr’~,1•~~); (ti’)> ( 91 )

and hence P (
~~~~1) (V ~~~~ ~~~ . Therefore:

~~~ ~~~~
(ct

(
~ ~~~ 

) - . . ~ ct’~, .. ~~~~~

5 ~i~~
) ~~~

4 w ~‘Is (ti . ‘ 

- -  - -~~~~~~~~ - - - — - -
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Corollary 1

If F depends only on (resp . 
~J 

) ,  the path Integral reduces to an
integral over momentum (resp. configuration) space. In compressed notation:

- . 

f 
F(<~,p)~~~(~~~ :J ~~~~~~~~~ 

F(~-)f~~~ (o ,11v) 
‘

~~~~~~~~~~~~~ 
(q~~

f F(~~~, 9 ) ~~~(f’?)=f ~~~~~~~~~~~~~~~~~~ (~ 4)

~~~ 
(zi )

Thus, in the second case, the measure W (c’, ~~) 
in phase space has the same

effect as the measure W~ (es) in the configuration sp ace ~~~~~~~~~~ of paths
such that £~(k ~~ ~~ 

and Cj~~ 
~~~) 

(
~~
, 

i.e.

I ~~~k~~~,1?) a
~~~~~~,s)~~~ I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

y 
‘~‘

and 
~~~ ~ were introduced and studied in Ref. 7.Au

Moments formula

f , ,
s <

~~~~~~~~~~~~~~~~<~~~~~~~~})~~~ 
. 

~~~~~~ c~~r ( M)

1
~, 1 o

Proof
Theorem 2 and the fact that J’ b

cL ,( ~~~~~~~~ ,(, ~~~~~~~ 
are needed . 

-~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -  -p -- _ __ _
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Application to the Gaussian Measure -
If we apply Theorem 2 to the Gaussian measure defined in (12) in Theorem

1, we obtain:

f F ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ c~~(t~~)

f F (~~~, ... , ~~~~~~~~~~~ ~~~~~~ 
- . ,

~~~
, 

~~~~~~~~~~~~

.

[ ( 2 ~~~ )~~~,~*-v~r . s\ ’~

x (~7)

-2 (w ’c ~~~~~ (~~~~- Q~~~(~~~~
- 
~

)

where
c E (~~

)
(9

~~
I
~~

JJ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(~~~~) 

(~~~~~L~~ 

--
( J

_ _
’~~~

•
~C~ [f v~~) (~‘)~~ )

a ff ~~~ 
~~~~~~~~~ 

(~~~~~~

s v ~C being the transpose of C . 

.

---~~~~~~~~~~ ---- - -—~~~~~- - - -  --~~-- -~~~~~~~~~ ~ - - -
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Proof

The proof ;~ straightforward with repeated use of the formula
’4

I
~ li~I)__ 

~~~~~~~~~~~ , ~~~~~~~~~~~ V~dR~2 c L
where C

2 
V ~~ 

. Here &‘)~~ e and one needs

-

. 

(-
~~/A~

’
~M (~~~f~~) / ~~~~~~~ 

(ioc)

If the functional to be integrated does not have a dependence, then

Corollary 1 gives:

I ~~~~~~~~~ ~~~~~~~~~~
f  V ( <~k~,~), ~~ < ,c,>)~~~(9)

5 ‘

~~~~~

‘

~~~~~~ ~~~~~~~~~

.-. 
~~ (w ’)~ ~~~~~~~~~ 

-
~~~~~~~~~~~~~

~ (i~
- ~ h) h (~cA4 w ) 

~~ 2 i~
which is formula (59) in Ref. 7. If F has no dependence, then:

- 

. I . F (<~~~~ j~~~~~ ~~~~~ <~~~, ~~~~ )~~ ((~,~~)

~‘(v ’)4
~ (~~~-~~~)k~ -Ld~}

(~o7~
Aver~g~~ and covariances

The moments formula (96) applied to the Gaussian measure ‘4Y readily

gives the average position and momentum for W :

L 
_ _
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I 
~~~~~~~~~~~ 

j ( k )  . 
(Jocj)

indicating that .j
~ 

and were correctly identified in the statement of

Theorem 1. The covarjanceS are:

1 ~~~~~~~~ 
( Thd1’~~~~~~~

(t ’)j 
~~~~

(
~~~~~) 

(
~ ,+‘) (

~~°)

I {~~~~-~~ i L ) - ~~~~~~~~~~T ’~~~ ~ ~~ R,U) (Hi)

f  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
j~~~~ (~ z~

~ (
~~,~ ‘) is the only covariance not to be continuous acrc~sthe diagonal

-L — 1:’ - it has a jump of magnitude 1 there, as established earlier. Thus , t h e

correlation between ‘~‘ and at a given time with respect to the ric-~stir o

~i can only be established to within -~ . 
-

The Set o f ” Irnportant Paths ”

The variances 4 ~ 
&n~ ( k , & ) and ~ 6 i~ 

(~ ~ ) , squares of t11

“st an da rd dev ia t ions” ~~~ (~)and ~ ~‘( k ) ,  provide a measure’ of the de~ r u -  (~~

dispersion of the Feynman paths about the average position and momentum . t%’•

calculate and for the free particle and the harmonic osc illator ,

using the results established earlier for these two systems . 

—----- —--- — - ---— ~~~~~~~~~~~~~~~~~~~ ~
- — —‘- _~- ,_ - - :- -~~

_ -- __ — —  - —~ ~~- - ———-— -— -~~ -- ~~ - —-
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Free. ~mrt;cJe

- ~~~ (~~~~~( F F ~~
]

k )

~ q~ t) 
~ 

{~
./
~~~IJ l1

~ 
( iw)

• ( . ~~~)u~ = ~~~~~~ [(F~~~ )~~~~~)]
1
~ 

-

Harmonic oscillator
“I

L~~k~)~ 
4[ 

(
~~ - - f-) 4~~~~~

(
~~- LL) (~~t~)

L

;: 
—v%~~ .i i(~~~F) tc~ 4 ( )

~4w~~~1

( . i~~~) R )  = ~~~~~~~~~~~~~~~~~~~ (
~~

)

In both instances, we have:

~~~ ~~~~~ 
(-F ) ~

A first glance at this relation might give the impression that we have
obtained the uncertainty principle backwards. In fact, this relation has nothing to

do with the uncertainty principle. If ACj and ‘-NP are calculated with

respect to l.V (9,t) and 4) (ç,4~ , the wave functions of the particles in

configuration and momentum spaces at time , then they reflect the effect
of measurement , and (A f~.A (t~ ’~~3~/L. But if IXC) and are calculated

with respect to the phase space measure ~~~~~~~~~~~~~~~~~ then they simply reflect

which paths are weighed more heavily (i.e. contribute the most) in the sum over

paths. To be more precise,’ they determine how far one must deviate from the
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average (here, classical) path to still find paths which contribute appreciably

to the sum over paths . In these two cases (as in most cases), these “important”

paths are so close to the average path in phase space that j
~

, A1 Is

always extremely small —— in fact, never larger than 3. /.2..
Note that the average square velocity in configuration space is

infinite, indicating that the “important” paths in configuration space are the

nondifferentiable ones, a well—known result. For example, in the case of the

free particle,

t-~’L

~~ ~~~~~~
~ —~~~

‘ L ~-r 
--

(~~~~
,)

- Comparison with (114) shows that we do not have

nor should we expect it , since no relationship is assumed between -~~ and

in the unrestricted sum over paths In phase space.

IV. kPPLICATIONS -
‘

1. Perturbation Expansion

The propagator corresponding to H f4 ,~ , where 
1r\ .,~ is given

by (15), is:

k0J~~ ~~~~~~~~~~~~~~~~~~ ~
(v
~) (~;(~

where is the classical equivalent’ of ~~ , and Vt is defined In (12).

- _ _ _  

LJ
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This is a direct application of Theorem 1. By expanding the exponential and

• . carrying out the resulting path integrals by use of the moments formula .(96), one

obtains the propagator as a power series in o~

2. Semiclassical Expansion

A more useful application of Theorem 1 is to use it to expand the ratio

of the propagator to its WKB approximation in a power series in 1~

• 
~~~ (i  ÷ ~ K1 + 4~ K2 + (12?.)

This is the semiclassical expansion , treated in configuration space In Refs.

6, 8, and 9. The terms are “doable” path integrals of cylindrical func—

tionals, which can be evaluated using (96). Such an expansion has been used

to shed some light on the anharmonic oscillator6’9 . Sometimes , due to the pecu-

liarities of the Hainiltonian, a configuration space path integral scheme is

not possible. A phase space path Integral scheme is always possible. We now

show how to generalize the path integral treatment of the semiclassical

expansion to arbitrary Hamiltonians.

THEOREM 3. The propagator corresponding to an arbitrary H [ see Eq. (1)]
can be expressed as the following path integral:

~

W kO J ~ ~ ~
) 

~~~ 
(~ ,x) (

~~ ~
)

• .
where

(1) = 

~~ ~~~~~~~~~~~~~~~~~ ) I -~ 
5(

~~,t~]
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(2) 
~~~~ ~ ~ [t-~,k-~] \ ~~~~ K

~t4~) w~
1L4~~~~~~J 

(12~~)

(3) ~~~~~~ an operator resulting from the expansion of the action functional
about the classical path (~1 ~

S( ~~~~) 
5 ( x+~ ~~~~~

~ + ± ~~

- 

+ _c)_ 
~~~~~~ 

(i2~~)
(4) The Gaussian measure 

~~ 
is as In Theorem 1, with

__

(F) 
- ( ; 1  

-
~
)

-j~(t-) ~:~~:.;~±_- ( v i~~)
?j’~ 

~~~~~~~~~~~

The path integral can be evaluated by expa~di~~ the exponential in a power sen t - ; ,
which can then be rearranged to yield a power series In where the terms

depend only on the classical path (c~ 
~~ 

) .
I 1 4 C

Proof

In the expansIon (126) of the action , the term ~ 
/ p~ )( ~,

is 0 by definition of the classical path (
~ ~

) (it yields Ham ilton ’s

equations) . The term 
~~~~~

“ (~j  ‘r ) (y ,~~) / -~ 
Is

- -

~

-

~

— -—

~ -



— -

29

~ 
(
~~) 

~ 
(i3o)

where is the small disturbance operator (59) . Expanding this term,

integrating the - --!~ I & ( -~) ‘~~ term by parts to get
• 

• . ..
~f~(t 1; (k-~ak ~ , and lumping the resulting expression (quadratic

in , and ~~~. 
) into the measure by using Theorem 1, yields the desired

result. The 4~ in the denominator will always be cancelled by higher powers

of in the numera tor, due to the fact that the moments formula needed to
evaluate the various path integrals arising in the expansion of the exponential

in (123) yields products of covariances, each of which is multiplied by ~ 6,8,9

V. CONCLUSION

The generalization of the path integral scheme to arbitrary Hamiltonians,

which can only be done in phase space, is best carried out without the limiting

process which makes the integrals 4tfficult - to compute. This paper has

built Gaussian phase space measures which do not require any reference to such

a limiting process, shown how to integrate with respect to them , and given

examples of how these measures can be of use in solving problems. It would be

useful to find non—Gaussian measures , which would absorb larger parts of the
- functionals to be integrated . - —
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FOOTNOTES -

1. In most cases of physical. interest , e.g. when the quantum Hamiltonian

operator is = [P — (efc)/\ (Qi~
2

/2~~ -~- e  4) ( Q’) , 4-4 in (1) is the

classical Haml.ltonian ~- f~ • For stronger couplings of & and P , e.g. when
there is a metric to be considered , -H in (1) is of the form
)_) 4_ Q(~~) . In M. M. Mizrahi, J. Math. Phys. 16 (1975), 2201—2206 ,

it was shown that - could be the Weyl transform of . Other possibiliti es,

all yielding the same propagator , are being investigated. At any rate , we always
‘.~~ I t  ~~~~~~~~~~~~~~~ I Ihave ri ti,~ ~~ / (- ~~ ) for Hermitian ~

-
~ S . In this paper , we assume

that

2. See, e.g., R. P. Feynman, Phys. Rev. 84 (1951), 108—128 , Appendix B; H. Davies ,

Proc . Camb. Phil. Soc. 59 (1963), 147—155; C. Carrod , Rev . Mod. Phys. 38 (l9h),

483—494; and M. M. Mizrahi , op. cit.

3. See, e.g., N. Bourbaki , El~ments de Math~ m a t i gues (He rma nn , P a r i s , 1969),

Vol. XXXV , Book VI, Chap. IX.

4. C. DeWitt—Morette , Comm . Math. Phys. 28 (i97’), -Y’-(~7.

5. C. DeWitt—Morette , Comm. Math. Phys. 37 (1974), 63—8L

6. M. M. Mizrahi, “An Investigation of the Fevimian Path Integra’ Fo rmultt ~~~
-t -

of Quantum Mechanics” , Ph.D. dissertation , the Pn iv t rsi t v Texa s  at Ati~ t i;

August 1975, unpublished .

7. M. M. Mizrahl , 3. Math. Phys. 17 (1976), 566—575.

8. C. DeWitt—Morette , Ann . of Phys. 97 (1976), ‘-39g . 

-~~~~~~~- - - - - -~~~~~~~~~~~--~~~~-—
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9. 14. 14. Mizrahi , “WK B Expansions by Path Integrals , With -App lications to the

Anharmonic Oscillator”, preprint,University of Texas at Austin and Center for

Naval Analyseaaof the University of Rochester.

10. Only in the case of the Wiener integral (no “i” s in the exponent) Is a

bona fide measure obtained . In the case of the Feynman path integral, the

imaginary Gaussian measures on , building blocks of the promeasure one

hopes to turn Into a measure, are not bounded. This fact makes this attempt

at mathematic.al legaliza tion fall through. However, when one works with the
Fourier transforms of the promeasure , the boundedness requirement is no longer

needed , and progress can be made for computational purposes. C. DeWitt—Morette

calls the resulting objects “pseudomeasures”, P. Xr~e [Bull. Soc. Math. France

46 (1976),  143—162) calls them “prodistributiOns”. For simplicity we call

them -“measur es”, as they are formally used as such.

11. M. H. Mizrahi, J. Math. Ph>~s. 16 (1975), 
2201—2206.

12. This is a very simple application of more general restrictions on the use

of the given WKB approximation formula to a certain class of correspondence

rules between the classical and quantum Hamiltonians, found In M. M. Mizrahi,

J. Math. Phys. 18 (1977), 786—790.

13. In “Path Integration in Phase Space”, by C. DeWitt—Morette , A. Maheshwarl,

and B. Nelson, preprint (to appear in Gen. Rel. and Cray.), a similar measure

is presented using a different approach. This paper and the present one,

written independently, complement each other and should be read concurrently.

14. This formula can be pro~ëd by path integrals :— see Ref. 7. 

_
~~
_

~
_ _

~~~
. __

~~~~: 
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Addenda to M.M. Mizrahi’s “Phase Space Path Integrals, Without Limiting Procedure

APPENDIX A

Intuitive Jus t if i ca tion  of Theorem 1 and of Path Integration Without Limiting

Procedure

A Gaussian measure on which can be written as

— ‘Vt ‘I ‘-
S

~ (Zil) (~tt~C) ~~~ CtJ
~~~~ ) 4aa~, 

... ( A i)

has as its Fourier transform the exponential of a quadratic form involving the

inverse of the matrix C

(c~Y)(~() j ~~~”i SY (~) = ~~~~~~~~~~~~~~ (A z.)

How does this carry over to infinite—dimensional spaces? This is the

question answered In Theorem 1. The phase space measure 
~
ST
~t,f

’
)in (11), after

15
integrations by parts, can be written as:

~~~~~~~ ~ç
) [
~ “1 e.~r ‘{

~ 
f (i ~

) 
P~~~~~’ (

~Kt’)
) 
cL~

4.

where is the operator defined In (20). ~~~is seen to play the 
role of the

matrtx C above. Therefore, by analogy, one expects the Fourier transform

of W’ to be the exponential of a quadratic form Involving the inverse of

i.e., one of the Green f unctions of O”, so that

f  O~ (I 0) (A’)
0 I

t 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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This is precisely what was proved . Which Green function is used depends on rhe

path space considered (for example, in the free particle case we saw that

consideration of the space 
“

~~~~ 
instead of led to a Green function

different from ‘
~J ). The terms involving ~ and q enter when the average

lb
path is non—zero. The reason why CT was called the small disturbance operal r

in Theorem 1 is that this is what It is when the action is expanded about the

classical path, as we have seen.

To illustrate this intuitive justification further, we consider the I r e t - -

particle measure in configuration space. It is ( N is the “normaUzat~-

necessary in the time—slicing approach):

0L~r~1 (~)  
~ ~~ 5 ~2(+)~k) , (A c)

which can be rewritten as:

- Sw~~(~)-~i ~~~~~~~~~~~~~~~~~~~~~~~~~~
( \

The Fourier transform of 
~
r
~~

indeed has as its covariance an ln— t-~~e ci

namely the Green function G.
~~
in (7~~

16 The form (/IIb) cat ; t -e

easily generalized to the more general configuration space measure m lii iii

b~~W’(~ ,~)In  Cu) : ..W~at/~k
t
iS replaced by 2 In (tt~

__ 
as proved in (iai~j - - d I’ I

the covariance is the Green function of 2 introduced in theorem 1.

_______________ 4 
——--~ _ _ _
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ISA double integral, corresponding to the double summation in (A~ , can be eas[ly

obtained by replacing (~~
) 

~~~) in ~A~) by f ~ (~~
— 

~~~~~~ 
(j~.t’) ~ K’i) ~ .k

’
.

‘61n the case of the free particle in momentum space, a rare case where a measure

in momentum space alone can be used, we have

[~t] ~~~~~~~~~

L The operator corresponding to C is then simply the constant W~~. Its inverse

In the sense of (M) is the constant ø~/T. It is the negative of ~~ 
(t1~t’) for the

- 

- 

free particle CE,. (‘7~~J 
because appears with a different sign in (i t)  .
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Insert p. 27 after line 3.

Calculation of

K~ 
the propagator corresponding to f l  in (tsj ,is given exactly by

it s WKB approximation. Thus , we onl y need to calculate the classical action.

The action functiona l Is:

50Ei~3 ~ fIo (cjA ,~~
tLt .f {  ~~~~~~~~~~~~~~~~~

: k I it  S~~(~~c~tf ~~~~~~~~~~~~~ (Rt~)

— i.~ ~~ (L~ k
A

where .4 is the operator LU) . This can be easily established by Integrations

by parts of the ~ and(~ )terms. At the classical path the first term

vanishes since 29 ~~~~ b , and only the integrated te
b
rm remains. ((~~4giv . s— ~

ix terms of the kernel 3~ 
, and we get:

= ~ ~ ~~~~~~~~~~~~~~~ 

~~~~ C
~ L~i~ 3 ( ~~~, ~~ 2. 

~ 
-

— ~~~~~~
‘ ~~~ ~ 

Cl 2~~1~q~
— ~~ . .&) I — F

, 
S

~.1 b f t~~~L~~ .S
where we have used the fact that 

~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 
. Note tha t

that ~~~~~~~~~~~~ (T~~denotes derivative with res~a -

to ith argument). Finally:

[ 2 ]

’

~i~~~~~~~~~~~~~~~~
{
~~ ~D1~~

]
~~• ( ; 4  

~
)

-- ~~ - __ ~~~~~~~~~~~~~~~~ ‘-~~~~ .. -~ - .- . - ‘--- - - -~~~~~ - - - : - - ~~~~~~~~~~~~~~~~ 
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